Thermodynamical Detection of Entanglement by Maxwell's Demons 
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Quantum correlation, or entanglement, is now believed to be an indispensable physical resource 
for certain tasks in quantum information processing, for which classically correlated states cannot be 
useful. Besides information processing, what kind of physical processes can exploit entanglement? 
In this paper, we show that there is indeed a more basic relationship between entanglement and its 
usefulness in thermodynamics. We derive an inequality showing that we can extract more work out 
of a heat bath via entangled systems than via classically correlated ones. We also analyze the work 
balance of the process as a heat engine, in connection with the Second Law of thermodynamics. 

PACS numbers: 03.65.Ta, 03.65.Ud, 05.70.-a 



I. INTRODUCTION 

Entanglement is a form of correlations between two or 
more quantum systems whose amount exceeds anything 
that can be obtained by the laws of classical physics. Bell 
was first to clarify the difference between these correla- 
tions by measuring statistical regularities between local 
measurements on two separated systems 0. However, 
even though it is now well established that quantum sys- 
tems can be more correlated than classical ones, the cen- 
tral question is whether we can use these excess corre- 
lations to do something useful. There are many indica- 
tions from the field of quantum information that entan- 
glement can result in a computational speed up, nonethe- 
less, there is no precise and proven link between the two 
at present. In this paper, we show that there is indeed 
a more basic relationship between entanglement and its 
utility in thermodynamics: We find a particular work- 
extracting scenario that reveals the difference between 
classical and quantum correlations. 

There have been some papers on the work-extraction 
from correlated quantum states. For example, Refs. 0,0 
have analyzed the difference between globally and locally 
extractable work. It was shown in Ref. |^ that a global 
observer can extract more work from a pair of quantum 
systems than two local observers. In Ref. 0, a similar 
difference is discussed in terms of "discord" . 

Our goal here is to clarify the difference between clas- 
sical and quantum correlations, using locally extractable 
work from a heat bath via a given state, without com- 
paring it with globally extractable work. The expected 
result will be Bell- type inequalities, which witness en- 
tanglement written with locally observable thermo- 
dynamical quantities. We will present thermodynamical 
inequalities that are satisfied by all classically correlated 
states, but can be violated by entangled states. By clas- 
sically correlated states, we mean separable states as in 
Ref. H . Our results suggest a novel connection between 
the separability of a quantum state and thermodynam- 
ics. Metaphorically, Maxwell's demons can violate the 
inequalities in an attempt to break the Second Law of 



thermodynamics with the excess work due to the non- 
classicality of entanglement, although they can never be 
successful. 



II. WORK-EXTRACTION SCHEME 

Suppose that we have a two dimensional classical sys- 
tem, such as a "one-molecule gas" which can only be 
in either the right or the left side of a chamber. If we 
have full information about this molecule, i.e., we know 
its position with certainty, we can extract /cBTln2 of 
work out of a heat bath of temperature T by letting the 
gas expand isothermally. If we have only partial infor- 
mation about the system, the extractable work becomes 
kBT\iY2[l-H[X)], where H{X) is the Shannon entropy 
and X is a binary random variable representing the po- 
sition of the molecule 

mi nil- For simplicity, we set 
fcsT In 2 = 1 hereafter so that we can identify the amount 
of work with the amount of information in bits. 

The same argument can be applied to quantum cases 
provided that we know the nature of projection oper- 
ators {Pq,Pi{= -P(^)} employed to obtain the informa- 
tion. The corresponding Shannon entropy is H{p) = 
—p\og2p— (1 — p) log2(l — p), where p = Tr(Pop) and p is 
the density matrix for the state. In order to extract work, 
we can store the measurement results in classical bits so 
that the same process as above can be applied. Or, equiv- 
alently, we can copy the information about the quantum 
state to an ancilla by using controUed-NOT (CNOT) op- 
eration with respect to the basis defined by projectors 
{Pq,Pi}, and use this ancilla to extract work after let- 
ting it dephase. A CNOT is a two-bit unitary operation, 
which flips one of the two bits, the target bit, if the other, 
the control bit, is in 1 and does nothing otherwise. 

Let us now consider a bipartite correlated system, re- 
tained by Alice and Bob. Suppose a set of identically 
prepared copies of the system for which Alice chooses 
Ae — {PojPg'} and Bob chooses Bqi — {Pe',Pf)7} as 
bases of their measurements with 9{9') representing the 
direction of the basis. Alice performs her measurement 
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FIG. 1: Schematic view of the protocol to extract work from 
correlated pairs. Two pairs in the figure represent an ensemble 
for which Alice and Bob use Ag and Bgi for their measurement 
and work extraction. For a half of this ensemble, Alice mea- 
sures her state with As and Bob extracts work from his side 
along the direction of 6', according to Alice's measurement 
results. For the other half, they exchange their roles. 



FIG. 2: The choice of measurement basis for the protocol. 
Bases Ai, Bi, ■ ■ ■ , Bn are chosen so that they cover a great 
circle on the Bloch sphere densely as n tends to infinity. The 
final basis _B„ is set to be the same as the first one A\. 



maximum. 



with Aq and sends all ancillae containing results to Bob. 
Then, by analogy with the single molecule case. Bob can 
extract 1 — H{B0i\Ag) bits of work per pair on his side 
after compressing the information of his measurement 
outcomes, where H{X\Y) is the Shannon entropy of X, 
conditional on the knowledge of Y . 

When their system is in a maximally entangled state, 
such as |$+) = (|00) + |ll))/y2, H{Ag\Bg) vanishes for 
all 0, unlike any other forms of correlation for which 
H{Ag\Bg) can take any value between and 1. This 
means that we can extract more work from entangled 
pairs than from classically correlated pairs. 

Figuratively speaking, demons, Alice and Bob, who 
share entangled states with each other, can outdo those 
who have only classically correlated ones in terms of the 
amount of extractable work. By demons we mean here 
any fictitious entities that manipulate microscopic ob- 
jects using information available to them, in analogy with 
Maxwell's demon . Their everlasting wish is to violate 
the Second Law of thermodynamics by extracting extra 
work from a heat bath thanks to entanglement, although 
this attempt turns out to be thwarted as we will see be- 
low. 

The overall protocol to extract work from correlated 
pairs is depicted in Fig. ^ They first divide their shared 
ensemble into groups of two pairs to make the process 
symmetric with respect to Alice and Bob. For each 
group, they both choose a projection operator randomly 
and independently out of a set, {^1,^2, • • • , An] for Alice 
and -B2, ■ • ■ , Bn] for Bob, just before their measure- 
ment. Then, Alice measures one of the two qubits in a 
group with the projector she chose and informs Bob of 
the outcome as well as her basis choice. Bob performs 
the same on his qubit of the other pair in the group. As 
a result of collective manipulations on the set of those 
groups for which they chose Ai and Bj , they can extract 
2 — H{Ai\Bj) — H{Bj\Ai) bits of work per two pairs at 



III. THERMODYNAMICAL SEPARABILITY 
CRITERION 

Let us find a general description of correlations in 
terms of work to clarify the difference between classical 
and quantum ones. It turns out that it suffices to sum 
up all the work that can be obtained by varying the ba- 
sis continuously over a great circle on the Bloch sphere, 
i.e., the circle of maximum possible size on a sphere (see 
Fig. |2J|. This is similar in approach to the chained Bell's 
inequalities discussed in Ref. The circle should be 

chosen to maximize the sum. 

Let S_p{Ai,Bj) denote the extractable work from two 
copies of bipartite system p in the asymptotic limit when 
Alice chooses Ai (and A^ ) as her measurement and work- 
extracting basis while Bob chooses Bj (and Bj^). For a 
two-dimensional bipartite system, ^ is given by 

£,M^,Bj) 2-H{A,\Bj)-H{B,\Ai) 

= 2 - 2H{A,, B,) + H{A,) + H{Bj), (1) 

which is symmetric with respect to Ai and Bj. 

The quantity we consider is lim„^oo l/(2n — 

mY:Li^{miB{e,))+YXzU{B{e,),A{e,+,))]io.^ 

state p and we let 2(/o) denote it as 

^{p):=^ r UA{e).B{e))de, (2) 

where 6 is the angle representing the direction of mea- 
surement on the great circle. The great circle is the one 
that maximizes the integral, as mentioned above. Note 
that S(p) represents the extractable work under local op- 
erations and classical communication, which is a stan- 
dard framework to deal with entanglement in quantum 
information theory. 

We now present an inequality that shows a connec- 
tion between the thermodynamically extractable work 
and the separability of bipartite quantum systems. 
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Proposition. An inequality 

E{p) < Em) (3) 

is a necessary condition for a two-dimensional bipartite 
state p to be separable, that is, p = J2iPiPf ® pf ■ The 
state |00) in the right-hand side (RHS) can be any pure 
product state \tpip')- We obtained the value of S(|00)) 
numerically as 0.8854 bits. We will refer to this inequality 
© as "thermodynamical separability criterion" . 

Proof. Without loss of generality, all pf and pf can 
be assumed as pure states. The key point of the proof is 
that even if the information from the other side could al- 
ways be used to specify the pure state component pf (or 
pf ) on his/her side, the average extractable work E{p) is 
always not larger than S(|00)). This is because for any 
pure product state 2(|'0V'')) ^ ^it^ equal- 

ity when both \^) and \ip') are on the integral path for 
S. Thus, = E^P^^{pf ® Pf ) < E.k2(|00)) - 

^(|00)), where is the extractable work from p 

when "pure component specification (pes)" is possible. 
We show below that S(p) < !BP'='*(p). 

The conditional entropy in the definition of £,p{A,B) 
can be written as H{B\A) = J2]=oPfHip{B°\A^)), 
where pf = Tr[{A^ (g) I)p] = I]iPiTr(A-'pf ) is the prob- 
ability for Alice to obtain the outcome j and A^ is a 
projection operator for the outcome j along the direc- 
tion of 9 JJj. Namely, A"{= A"{0)) corresponds to A{0) 
in Eq. (0), however, we do not write explicitly in this 
proof for simplicity. As the density operator for Bob af- 
ter Alice obtained j is pf, = EjPiTr(A-'pf )pf , 
H{B\A) is given by 

HiB\A) ^ Y.PfH ^Tr(AVf )Tr(S"pf )^ . (4) 

On the other hand, if the pes is possible, the correspond- 
ing entropy can be written as 

H^^\B\A)^Y.P^H{Tv[B''pf)). (5) 

i 

By letting denote Tr(^-'p^) and noting p^ — 
TliiPiPfii can have an inequality as 

^ HHpf-^Hipg) 

t J Pj 

^ Y.P,^{pi^ ^ HP^%B\A), (6) 

i 

due to the concavity of Shannon entropy. As all and 
Pq^ can be regarded as distinct, the equahty in Eq. © 
holds when there exists only one pure component, i.e.. 
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FIG. 3: Extractable work in the asymptotic limit. The 
dashed lines show the extractable work from classical cor- 
related states, (Tel. = Coj00)(00| + Ci\tfiif){ifiip\, where ip G 
{0.27r, O.Att, • ■ ■ , tt}. The solid line is that from entangled pure 
states, q|00) + /3|11). The horizontal axis represents two pa- 
rameters, namely, co for classical correlation and for en- 
tanglement. 



Pfc = 1 for a certain k and pi — for i ^ k. Simi- 
larly, H{A\B) > RP^'iAlB). Hence, for all separable, or 
classically correlated, states p, S(p) < S^"^*(p) and thus 
E{p) < S(|00)). □ 

The dashed lines in Fig. 13 show numerically plotted 
S(crci.) as a function of cq, where CTcI. = co|00)(00| + 
ci\ipip) {ififl is a classically correlated state with respect 
to two vectors, |0) and \ip) := cos((p/2)|0) -I- sin(iy9/2)|l) 
There are five dashed lines, each of which corresponds 
to CTci. with one ip out of the set {0.2tt, O.Att, • • • , tt}. The 
near-horizontal one corresponds to ip = 0.27r, which gives 
a state "close" to |00). We can see that none of S((Tc1.) 
exceeds S(|00)), whose value is 0.8854 bits, as the above 
proposition claims. Also, above the threshold S(|00)), 
the extractable work from a (pure) entangled state is a 
monotonic function of the amount of entanglement |l2j | , 
taking its maximum when maximally entangled. 

As the RHS of Eq. © represents the maximum 
amount of work obtainable from classically correlated 
states with our protocol, any excess of extractable work 
should be the manifestation of entanglement. Thus, vi- 
olating the inequality demons can exploit the extra 
work from entanglement, which is unavailable from clas- 
sically correlated states. 

Even if we choose a part of the great circle as the in- 
tegral path of Eq. |5J without closing it, the inequality 
corresponding to Eq. Q should be violated for states 
that are entangled strongly enough. This is because for 
a strongly entangled state ^irf,){Ag, Bg) is close to 2 
for all 0, while ^\oo){Ag, Bg) is always less than 2 unless 
indicates |0). This also means that the violation crite- 
rion, i.e., the RHS of Eq. |j2Jl, depends on the range of 
the path in such a case. 
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We can also perform the integral in Eq. (0) over the 
whole Bloch sphere, instead of the great circle, to have 
another separability criterion. Then, Eq. Q becomes 



471- Jbs 



(7) 



where BS stands for the Bloch sphere and we obtained 
5_Bs(|00)) = 0.5573 numerically. The proposition also 
holds for Rbs{p) sts there is no need to change the proof 
except that E^gg{p) is always equal to Sbs(|00)) in this 
case. Let us now compute the value of 'E.BsiPw)i where 
py^, = p\-^-){^- \ + (1 -p)/4 • J is the Werner state 
to see the extent to which the inequality can be satisfied 
when we va ry p . It has been known that Bell-CHSH 
inequalities [13 are violated for p > 1/^/2 — 0.7071, 
while pw is inseparable iS p > 1/3. A bit of algebraic 
calculations lead to Ess {pw ) — ( 1 ~ p) log2 ( 1 — p) + ( 1 + 
p)log2(l + p) and this is greater than Sss(|00)) when 
p > 0.6006. Therefore, the inequality ^ is significantly 
stronger than Bell-CHSH inequalities. 

Since we have obtained the inequalities © and (0) 
without discussing the non-locality of quantum mechan- 
ics, they are different from Bell's inequalities, but similar 
to them in the sense that they discriminate non-classical 
correlations from classical ones. With reference to Bell's 
inequalities, the form of extractable work, Eq. J^l, re- 
minds us of the "information theoretic Bell's inequali- 
ties" derived by Schumacher by defining the information 
distance using conditional entropies [14]. 

Schumacher obtained his inequalities from the triangle 
inequality for a metric. However, it is possible to derive 
the same inequalities directly from our definition of the 
extractable work, Eq. (0). The result becomes 



^{A,B)+aB,C)<2 + ^{A, C), 



(8) 



with equality when H{A) ~ or H{C) = 0. This is a 
direct consequence of Eq. ^ and the strong subadditiv- 
ity of the Shannon entropy. From Eq. (jSJ , we can obtain 
"chained" inequalities 



< 2{2n- 



2) 



-i{An,B^) 
-((Ai^Bn). 



(9) 



Note that the left-hand side of Eq. ((HJ becomes the same 
as that of Eq. Q if we take bases Ai, - ■ ■ , Bn as those 
m Fig. divide the sum by 2n — 1, and let n tend to 
infinity. However, the same procedure on the RHS gives 
2, thus Eq. © becomes a trivial inequality < 2. 

Hence, our inequality (PJ is essentially independent of 
Bell- Schumacher inequalities and gives a stronger bound 
on in the continuous limit. 



IV. ANALYSIS OF DEMONS' ATTEMPT 

Let us analyze how demons' attempt to violate the Sec- 
ond Law of thermodynamics will end in failure. In order 



n copies of 7/2® |0){0| 



Work consumed by Alice 



Work extracted by Bob 



nS{p''^ )/2 copies of J/2 ® 1/2 
n[l - S'(p'''-)/2] copies of |00>(00| 



Quantum decompression 



n copies of p'^ 



FIG. 4: Restoration of the initial state p'^ ' . It is simply a 
scheme to prepare nS{p'^^') of 1/2 from n copies of the state 
1/2 (g) |0){0|. The work, lu^n B.nd lu^ti a-re explained in the 
main text. 



to discuss the Second Law, which states "there does not 
exist any cycle of a heat engine that converts heat to work 
without leaving any change in its environment," we need 
to restore the initial state after extracting work and check 
the balance of work. The impossibility of breaking the 
Second Law by the protocol described above follows from 
the fact that the net work investment is always nonneg- 
ative, regardless of the direction of measurement/ work 
extraction, thus, it is necessarily nonnegative after aver- 
aging over the great circle or the Bloch sphere. 

Suppose that Bob performs measurement on his part 
and Alice extracts work on her side. The state after work 
extraction is cr = 7/2® |0) (0|. If Bob's outcome was 1, he 

can fiip it with ax — ^ ^ q ^ without energy consump- 
tion. Generically, unitary operations require no energy 
consumption as entropy stays constant with them. Let 
us consider first the case in which there was only classical 
correlation initially, as p'^^^ = ^iPipf pf ■ The simplest 
method to restore n copies of this initial state from a is to 
make use of quantum data compression/decompression 
[Tsf . To do this, they need nS{p'^^) copies of 1/2 and 
n[l — S{p'^^-)] copies of the standard pure state, |0), where 
S{p) — — Trplogjp is the von Neumann entropy. Let 
them have the same number of copies of 1/2 (See Fig. 

Alice compresses n[l — S{p'^^-)/2] copies of 7/2 on her 
side isothermally to |0), consuming w^^^ = 1 — S'(p'^' )/2 
bits of work per qubit. On the other hand. Bob acquires 
^cxt — '5'(p'^' )/2 bits of work per qubit by transforming 
nS{p'^^ )/2 copies of |0) to 7/2. They can restore n copies 
of p'^'- by decompressing the mixture of 7/2 (g) 7/2 and 
|00) globally without any work consumption. 

When the initial state is entangled as IV'"*^) = Q;|00) -I- 
/9|11), the restoration process becomes simpler. Alice 
transforms her state 7/2 into |0) by consuming one bit 
of energy to make |00). Then rotating Alice's state to 
(a|0) + /3|1))|0) unitarily and applying a global CNOT 
restore the initial entanglement. In either case, we also 
need to erase the information of Bob's measurement out- 
come and this requires H{B{9)) bits of work P.[l6|. 

Combining the work extracted before, we can now 
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calculate the work investment Winv to close the cycle: 
= ^c1,n - <t + H{B{0)) " [1 - H{A{e)\B{e))] = 
H{A{9),B{e)) - Sip"^-) bits of work for an initial state 
of p'^'- and, similarly, W^™*- = H{A{d),B{e)) bits for an 
entangled state, These Winv must be nonnegative 

in order for the Second Law not to be violated. It turns 
out that both Wj^'^ and W;™*- are indeed nonnegative 
due to the properties of the Shannon and von Neumann 
entropies and the effect of projective measurements. 

V. SUMMARY 

We have devised a scenario in which two demons, Al- 
ice and Bob, can distill more work from entanglement 
than from classical correlation. We have cast this dis- 
crimination of correlations in the form of the thermody- 
namical separability criteria. Although we can re-derive 
Schumacher's inequalities by considering a set of discrete 
basis of measurement, our inequalities are essentially dif- 
ferent. Interestingly, our inequality (UJ is more effective 
than Bell-CHSH inequalities, as well as Schumacher's, 



in detecting inseparability of the Werner state. Lastly, 
our analysis of the energy balance after closing the ther- 
modynamical cycle illustrates, quite expectedly, that the 
demons cannot violate the Second Law even with the ex- 
cess work extracted from entangled states. 

One important step we should make next is to devise 
a method to test the inequality experimentally for ex- 
ample, by using NMR as proposed in Ref. [13 ■ Also, 
it would be very interesting if we can find a connection 
between our inequalities and the non-locality of quantum 
mechanics. 
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